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Abstract
The region is a complex multi-element and heterogeneous dynamic system. Regional public transport systems are characterized by 
heterogeneity and incompleteness of information about the processes that take place in them. The factors determining the demand 
for public passenger transport services, the structure of suburban population transit and the economic consequences of changing 
this structure have not yet been sufficiently investigated. There is no quantitative assessment of the control factors’ influence on the 
results of the passenger transport system functioning in suburban traffic, which complicates the effective management in this field.
In order to determine the mutual influence of objects with unclear functional connection, one of the methods of computational 
geometry is considered, which allows quantifying and obtaining tabulated functions of various components and parameters of 
settlements' interaction and centers of gravity. The numerical characteristics obtained by the described method are further used in 
the modeling of the processes of efficient functioning and collaboration of urban passenger transport with other external transport 
types, in particular at interchanges.
As a result of the proposed operations, we obtain a tabulated function of the investigated parameter for the area of spatial interaction 
of infrastructure objects and visualize the calculated parameters in the form of graphical dependencies or in the form of a three-
dimensional surface. Thus, using the method of computational geometry, with constructing a Voronoi diagram and executing the 
Delaunay triangulation, it is possible to obtain tabulated characteristic parameters for inhomogeneous zones of mutual influence 
where infrastructure objects with unclear functional connection are located.
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1 Introduction
The problem of efficient functioning of public road trans-
port is an important part of a comprehensive social devel-
opment program. Its successful solution depends on the 
transport system's degree of perfection and validity. 
Comprehensive studies of the transport services market 
formation patterns are based on studies of resettlement 
processes and spatial self-organization of the population, 
determination of the transport links density, nodes of ori-
gin and passenger flows elimination.
The feasibility of different destinations, depending on 
their range, is perceived differently by the agglomeration 
population (Cordera et al., 2018; Krystopchuk, 2012; Kujala 
et al., 2018; Oliveira et al., 2011; Schlosser, et al., 2019; 
Vakulenko et al., 2019). Each rural and suburban settlement 
is located among many other rural and urban settlements 
with an individual set of social, cultural and production 
potential in quantitative and qualitative terms. With devel-
oped road network and transport system, the population 
2|Krystopchuk et al.Period. Polytech. Transp. Eng. 
chooses the center of gravity, taking into account the restric-
tions imposed by this transport system and based on subjec-
tive considerations about the service quality. In addition, 
there are urgency factors of achieving the goal and intensity 
of the daily time balance (Galkin et al., 2019; Khitrov et al., 
2019; Krystopchuk, 2012; Makarova et al., 2017). 
However, a qualitative assessment of population trends 
can be given. The hierarchical significance of the city in 
the settlement system has a clear impact on the population's 
assessment of the appropriateness of the spatial choice of 
location to meet the purpose of the trip (Almetova et al., 
2019; Amavi et al., 2014; Cremer and Keller, 1987). The 
higher it is, the more time in the daily balance of the rural 
and suburban population is allocated for resettlement.
Today, mathematical models that reveal the underlying 
causes and trends of resettlement are not perfect, given the 
multifactoriality of the process. A rational route network 
construction for servicing settlements located around 
a dominant center of gravity, which can be accepted as an 
administrative division (regional, district centers) or town 
with existing city-forming enterprises with the need for 
workers from the surrounding suburban areas, is possi-
ble provided the establishment of the patterns of forming 
passenger trips in cooperation with the urban core. In this 
case, harmonization of demand for transport services with 
the offer of such services will allow achieving efficient 
vehicles and transporting infrastructure use taking into 
account the real needs of the certain region population.
2 Literature review 
2.1 Modern approaches and methods of passenger's 
trips distribution analysis
The criteria for evaluating the transportation systems' per-
formance are described in detail in the many researches 
works (Cordera et al., 2018; Cremer and Keller, 1987; 
Krystopchuk, 2012; Kujala et al., 2018; Oliveira et al., 2011; 
Vakulenko et al., 2019). Methods of designing transport 
systems were reflected in the works for static models and 
dynamic models (Cremer and Keller, 1987; Galkin et al., 
2018; de Dios Ortúzar and Willumsen, 2011; Saka, 2001; 
Stepanchuk et al., 2016; Tkhoruk et al., 2019). The disad-
vantage of static models is that they optimize the trans-
port system relative to random resettlement, resulting in 
estimated transport loads that can be significantly different 
from the actual ones.
Dynamic models take into account changes in the 
transport system related to the factors "origin – destina-
tion", but do not provide a unique algorithm for finding its 
structure (Abdel-Aal, 2014; Cordera et al., 2018). There are 
well-known approaches in which the researches (Cremer 
and Keller, 1987; Kujala et al., 2018; de Dios Ortúzar and 
Willumsen, 2011; Thériault and Des Rosiers, 2013) con-
sider the travels' assigning according to Poisson's distri-
bution; note the multifactorial nature of the model for 
the public trip generation, and therefore the population 
mobility, and propose using the principle of maximiz-
ing entropy (Krystopchuk, 2012; de Dios Ortúzar and 
Willumsen, 2011).
In order to build an effective public passenger transport 
network taking into account the travel demand scientists 
(Kujala et al., 2018) use the alternative trips analysis based 
on the Pareto optimality principle. In the work (Cordera et 
al., 2018), the possibility of applying computational geome-
try methods (Oliveira et al., 2011; Pucher and Renne, 2005) 
to transform geodata on spatial and other characteristics 
(population density, household size, motorization level) of 
settlements in travel generation, and population mobility 
is noted. Thus, the analysis of known synthesis methods 
of transport systems indicates the need for their improve-
ment, as well as the development of new methods, algo-
rithms for designing and evaluating the efficiency and 
functioning reliability of existing transport systems and 
route networks (Tkhoruk et al., 2019), including suburban 
passenger traffic. Comprehensive research of the patterns 
governing motor transport services generation potential is 
based on studies of the resettlement processes and spatial 
self-organization of the population, determining the trans-
port links' density, nodes of origin, transit trip elimination 
and passenger flows (Cremer and Keller, 1987; de Dios 
Ortúzar and Willumsen, 2011; Saka, 2001).
2.2 Spatial distribution of labor and cultural ties
Under resettlement we mean the population's distri-
bution within a certain territory: country, region, etc. 
Resettlement is characterized by the total population HF 
living within a territory with an area F or population den-
sity hF (Davidich et al., 2020; Krystopchuk, 2012). 
The patterns of population resettlement are determined 
by the displacements they have implemented. According 
to the statement of the problem of resettlement analysis 
will be the travel distance l or the time t spent on moving 
relative to certain centers of gravity.
There are known models (Khitrov et al., 2019; 
Krystopchuk, 2012), for which, in the settlement zone i 
the total displacements number of population of a certain 
group is equal to Ai (Fig. 1). 
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This value is called the capacity of the zone  with the 
departures. Similarly, the travel number that end in the 
zone j is called the capacity upon arrival (it can be any 
center of gravity, or zone). Having taken for the center of 
construction a certain gravity center j, which is located 
in the i-th zone, the isochrones t, or isodistants l, are con-
structed with respect to it. The resettlement patterns are 
a consequence of the spatial self-organization patterns of 
the population in terms of time spent on displacement. 
Crucial in this is labor activity.
Different authors have proposed empirical and theoreti-
cal dependencies dF(l, t). In particular Krystopchuk (2012), 
suggested a normal-probability resettlement function of 
urban population, taking into account the multifactorial 
nature of forming links with gravity centers. 
An exponential resettlement model has also become 
widespread (Davidich et al., 2020; Krystopchuk, 2012). 
One of the main generalized patterns of spatial distribu-
tion of labor and cultural ties is the dependence of their 
intensity on the distance of movement. According to 
research (Oliveira et al., 2011; Vakulenko et al., 2019), the 
desire to localize interests in as small area as possible is 
obvious. With a probability p > 0.95, it can be argued that 
the rural and suburban population limits its movement 
within a radius Rn ≤ 50 km, although there is a trend for 
displacement of 100 km or more.
Labor links make it possible to identify three zones 
in relation to rural and suburban gravity centers 
(Oliveira et al., 2011; Vakulenko et al., 2019). The first zone 
with Rn < 20 km is characterized by stable connections 
over a long period. The probability of having stable bonds 
in this case is p ≥ 0.8. In this case, there is a steady labor 
interconnection process, which is virtually unaffected by 
random factors. As a consequence, there are no significant 
fluctuations in the passenger flow of commuters to work. 
In the second zone (20 ≤ Rn ≤ 30 km), the probability is 
p = 0.5, i.e., the employment relationships are not constant 
over time, their intensity varies significantly from year to 
year. Finally, the peripheral zone (Rn > 30 km) is character-
ized by occasional, low-intensity labor connections.
The appropriateness of different targeted movements, 
depending on their range, is perceived differently by the 
agglomeration population. Each rural and suburban set-
tlement is located among many other settlements with an 
individual social, cultural and production potential set in 
quantitative and qualitative terms. With the developed 
road network and transport system, the population chooses 
the gravity center, considering the restrictions imposed 
by this transport system, and based on subjective consid-
erations about the service quality. Moreover, the capac-
ity of pedestrian flows are irregular during the rush hour 
and depend on the average travel time, then in suburban 
movements the highest values of flows will be observed 
at the moment of public transport departure. Evaluating 
the transport system functioning it's necessary to take into 
consideration pedestrian network. In addition, there are 
urgency factors of achieving the goal and intensity of the 
daily time balance. However, a qualitative assessment of 
population trends can also be given.
The hierarchical significance of the city in the settlement 
system has a clear impact on the population's assessment of 
the spatial choice appropriateness of location to meet the 
purpose of the trip (Oliveira et al., 2011; Vakulenko et al., 
2019). The higher it is, the more time in the daily balance of 
the rural and suburban population is allocated for resettle-
ment. The interconnection of settlements is limited mainly 
by neighboring settlements (with some exceptions to busi-
ness and guest travel). 
The distribution of urban displacement into rural and 
suburban settlements is influenced by the city size, the dis-
placement range, the displacement's purpose, that is, the 
same factors as the villagers' displacement into cities. The 
difference is that the radius of urban displacement is much 
smaller. Thus, the intensive and regular movement zone in 
the working day cycle covers only the nearest areas with 
a radius up to 15 km. During the weekends this zone's 
radius expands approximately 1.5–2 times due to guest 
trips and rest trips. 
Rural and suburban displacements' spatial distribution 
analysis shows that each settlement has an -dimensional 
spatial orientation, that is, each unit is characterized by 
a one-dimensional intensities distribution Pij: P11, P12, …, 
P1l, …, P1k, where P11 – the links within the settlement in 
question or other elementary unit of rural and suburban 
territories; 2, ..., l, …, k – are the other units set that are 
connected (including urban settlements).  
Based on the distribution of bonds, one can obtain the 
scattering field of the initial and destination points. Since 
Fig. 1 Model for determining the density of transport links
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the density of their dispersion in relation to the settlements 
is the same, then on their set it is possible to distinguish 
the territorial units that make up the service areas.
3 Research methodology 
3.1 Method statement 
The study area can be represented by a set of point objects 
(settlements) {Pi} with a parameters set that characterize 
them. To simplify the calculations, we restrict the survey 
area (area of interest) to a rectangular section.
Building a graph model is based on assumptions 
(Davidich et al., 2020; Held, 2001; Krystopchuk, 2012; 
Sack and Urrutia, 1999):
• tops of the graph – settlements (represented as point 
objects), with coordinates determined after process-
ing the map data xi, yi, and characteristic parameters 
ψi (population, passenger trips distribution between 
settlements, number of routes passing through the 
settlement, etc.);  
• edges of a graph are transport routes connecting set-
tlements with each other;
• proximity zones (mutual influence zones) are built 
without taking into account the weight vi of vertices 
or the graph edges. 
This approach involves three steps in the work execution:
• determination of the survey region and preparation 
of baseline data;
• building an irregular model;
• building a regular model.
In the first stage, we restrict the survey area to a rect-
angular section adjacent to the gravity center (regional or 
district center). At this stage, we prepare the initial data on 
the spatial location (determining the coordinates xi and yi) 
of the point objects set (settlements) and their parameters 
ψi - to be investigated. 
The second stage is the construction of an irregular model. 
We build a graph model of transport links (settlements are 
vertices, transport routes are edges). The main parameters of 
the problem are the settlements' coordinates and thevalues 
of the parameter under study for the graph vertices. 
The task of constructing proximity or interaction zones 
requires the determination of all points of the plane for 
which the distance to the objects of the set {Pi} is minimal.
In the case when all the objects are point-like, this prob-
lem is defined as the task of constructing Voronoi dia-
grams (Held, 2001; Paul Chew, 1989; Sack and Urrutia, 
1999; Thériault and Des Rosiers, 2013) – polygons formed 
by segments of perpendiculars drawn to the middle of the 
sides connecting the two nearest neighboring points. 
The Delaunay triangulation and the Voronoi diagram 
are mutually ambivalent (Fig. 2). 
For a given point Pi ∈ {P1,…,PN} on the plane, the 
Voronoi polygon is called the geometric location of points 
on the plane that are closer to Pi than to any other given 
point Pi, j ≠ 1 (Khitrov et al., 2019; Paul Chew, 1989; 
Thériault and Des Rosiers, 2013). Voronoi polygons set 
form a vector network.
The Voronoi diagram for a given set of points {P1,…, PN} 
is the sum of all Voronoi polygons of these points (Fig. 3(a)). 
For some of the given points, the assigned Voronoi poly-
gon will be infinite figures. Therefore, it is advisable to limit 
the whole area to a certain region – that is, to determine 
the area of interest. Let be the set of point objects and the 
interest area in the rectangle form (Fig. 3(a)). It is necessary 
to define all Voronoi polygons for given points (Fig. 3(e)).
(a)                                                   (b)
Fig. 2 The Voronoi diagram a) diagram example; b) dual to the diagram 
Delaunay triangulation
Fig. 3 Construction of the Voronoi diagram: а) source data and area of 
interest; b) Delaunay triangulation construction; c) Voronoi polygons 
construction for internal nodes; d) cutting off endless sides 
Krystopchuk et al.
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The Voronoi diagram algorithm provides the following 
steps:
Step 1. According to the initial data for the set of points, 
we construct the Delaunay triangulation (Fig. 3 (b)). 
Step 2. For each triangle of triangulation, determine the 
center of the circle described in Eq. (1):
x b a
y c a












2 2 2 2
 (1)
where a, b, c, d are the determinants, calculated by the 
rules (Held, 2001; Paul Chew, 1989; Sack and Urrutia, 
1999; Thériault and Des Rosiers, 2013).
Step 3. For each node we define the center of the 
Voronoi polygon. To do this, we go around the running 
node on adjacent triangles and collect the centers of the 
circles described. If the node is not at the boundary of the 
triangulation, then we take the coordinates of the assigned 
Voronoi polygon of this node (see Fig. 3(c)). If this node 
is at the boundary, then the Voronoi polygon is an infinite 
figure, in which case it is necessary to cut off its two 
infinite sides (Fig. 3(d)). The coordinates of the outer 
vertices (those that lie on the boundary of the rectangu-
lar region) are determined from the equation of the line: 
(y = kx + b), which is the median perpendicular to one 
of the sides of the shell of the points set y = aijx + bij and 
the fixed value of the coordinate X (left or right border) or 
Y (lower or upper bound). To find the coefficients aij and bij 
let us use the relations of Eq. (2):
a x x y y
b y y a x x
ij j i i j
ij j i ij i j
= −( ) −( )




where xi, yi, xj, yj are the coordinates of the two nodes for 
which the median perpendicular is constructed. 
Then the parameter ψi' for the i-th polygon is deter-
mined by the formula in Eq. (3):
′ =ψ ψi i iF/ , (3)
where Fi is the polygon area to which the i-th vertex of the 
graph belongs.
The polygon area is determined by the coordinates of 
its vertices as in Eq. (4):
F x y y















At the third stage, we build a regular model. To move 
from an irregular to a regular model of the parameter under 
study, we perform the Delaunay triangulation (Held, 2001; 
Paul Chew, 1989; Sack and Urrutia, 1999; Thériault and 
Des Rosiers, 2013) and apply the inverse distance weight-
ing method (Krystopchuk, 2012).  
Proceeding from the main property – the Voronoi dia-
gram to the Delaunay triangulation duality (Held, 2001; 
Sack and Urrutia, 1999), it is possible to construct the 
latter by connecting segments to those starting points 
for which the Voronoi polygons touch at least by angles 
(see Fig. 2(b)). Three types of objects are highlighted in tri-
angulation: nodes (points, vertices), edges (segments), and 
triangles. One of the important operations performed in 
the triangulation construction is the check of the Delaunay 
condition for given triangles pairs. There are usually sev-
eral verification methods:  
1. check through the equation of the described circle;
2. check with the previously calculated circle described;
3. checking the opposite angles sum, etc. (Held, 2001; 
Paul Chew, 1989; Sack and Urrutia, 1999).  
Currently, more than 30 Delaunay triangulation algo-
rithms are known (Paul Chew, 1989; Sack and Urrutia, 1999) 
with different complexity of their execution. In our case, 
we use the convex strip merge algorithm. Its main idea is to 
split the initial points set into some stripes, and use a fast 
algorithm for constructing convex triangulation of a strip 
of points. 
One of the most important parameters of band triangu-
lation algorithms is the number of bands. For this purpose 
it is proposed to minimize the average total length of the 
edges of all triangulations obtained. Let us make the fol-
lowing assumptions:
1. The coordinates of the points are distributed in a rect-
angular area of width a and height b uniformly and 
independently by X and Y. 
2. The distance between the points will be determined by 
Manhattan (Paul Chew, 1989; Sack and Urrutia, 1999).
Once the triangulation is complete, the set of settle-
ments and transport links forms an irregular network.
3.2 The method of shift from irregular to regular 
resettlement model
In order to move from an irregular resettlement network to 
a regular one, it is necessary to construct a regular grid for 
the parameter under study with a sufficiently small cell size 
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(square grid), which is necessary for mapping this param-
eter. For this purpose we build a secondary regular square 
grid with a side of 1 km. We find the function's value of the 
investigated parameter in each node of this grid. The prob-
lem is solved by the inverse distance weighting method. 
The function of the parameter under study by this method 
takes the form (Eq. (5)):
ψ ψ ψ ψx y w w w w w w, /( ) = ′ + ′ + ′( ) + +( )1 1 2 2 3 3 1 2 3 , (5)
where ψ1', ψ2', ψ3' are the average value of the parameter 
under study (defined in the previous step) at the triangle 
points (vertices) to which the running point belongs; w1, 
w2, w3 - weights determined by the ratio (Eq. (6)): 
w li1
2
1= / , (6)
where li is the distance from the assigned triangle vertices 
to the running node of the secondary grid (Fig. 4); (x,y) - 
the node coordinates.
As a result of the operations done, we obtain a tabulated 
function of the parameter under study for the region and 
visualize the calculated parameters in the form of graphi-
cal dependencies or in the three-dimensional surface form.
4 Results
4.1 Testing the hypothesis of exponential population 
density distribution in the study area 
Exploring the resettlement patterns indicate a signifi-
cant uneven distribution of population across the region. 
It is therefore advisable to divide the territory into more 
functionally homogeneous areas (Fig. 5). In this case, we 
introduce the notion of hierarchy of territorial subsystems 
(Burko et al., 2020; Khitrov et al., 2019; Krystopchuk, 
2012), within which the average maximum service radius 
R̅ i max of rural (suburban) territories and their centers con-
nected to the values given in Table 1.
As a unit of measure, a settlement with a population of 
1000 inhabitants is accepted. The statistics data in quan-
tity n = 478 are grouped by intervals in Table 2.
Fig. 4 Transition from irregular to regular model
Fig. 5 n-dimensional spatial orientation scheme of rural and suburban 
population connections (on the example of Rivne region): RC - 
regional center, A - D - territories of the united communities near the 
subsystems centers S2 - S4 and on the periphery, respectively
Table 2 Statistical processing of data on the number of inhabitants by 
settlements within 50 km from the regional center (Rivne) 






Emp. Theo. Emp. Theo.
0 0.5 299 0.6255 1.251 1.150 0.625 0.575
0.5 1.0 117 0.2447 0.489 0.466 0.870 0.808
1.0 1.5 34 0.0711 0.142 0.188 0.941 0.902
1.5 2.0 15 0.0313 0.062 0.076 0.972 0.940
2.0 2.5 7 0.0146 0.029 0.031 0.987 0.956
2.5 3.0 4 0.0083 0.016 0.012 0.995 0.962
3.0 3.5 2 0.0041 0.008 0.005 1.000 0.965
Table 1 Average maximum service radii for rural and suburban areas 
and their centers within hierarchical territorial systems
Rank of the subsystem S5 S4 S3 S2 S1
R̅ i max, km 4.4 13.9 25.6 64.5 180
Krystopchuk et al.
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In order to establish resettlement patterns and to deter-
mine population density in the study area, let us consider 
the hypothesis that the population of the settlements in 
a certain area, which is limited by the distance from the 
regional center to 50 km (area of organization and activ-
ity of suburban routes) is subject to description by indica-
tor (exponential) distribution patterns. We find the density 
and the function of a random variable (de Dios Ortúzar 
and Willumsen, 2011; Yi et al., 2010).
The statistical processing results of the population's 
distribution by settlements are given in Table 3.
Histograms of population distribution by settlements and 
theoretical density of distribution probability are shown 
in Figs. 6 to 8. 
The consistency of theoretical and statistical distribu-
tion is checked according to Pearson (χ2) and Kolmogorov 
criteria. To do this, we determine the magnitude of the 
discrepancy (de Dios Ortúzar and Willumsen, 2011; 
Yi et al., 2010). The calculations showed that the obtained 
values are not random because the statistical distribution 
of trips correlates with the theoretical at .
Thus, as a result of processing statistical data on the 
number of residents in settlements located in the study 
territory, it is established that the hypothesis of their dis-
tribution by exponential distribution is confirmed with a 
probability of consistency of more than 0.25. The math-
ematical expectation of the inhabitants number in settle-
ments ranges from 500 to 550 inhabitants, on the basis of 
which in determining the potential of services such a set-
tlement can be taken as the average. 
4.2 Research results and regular model of population 
density function 
In determining the parameters, it is advisable to use 
an approach based on the study of interaction patterns 
between the population, production with traffic flows. 
The main task is to establish the feedback type of objects 
located in space, that is, settlements, on mobility in trans-
port services: planning the network, its capacity, study-
ing the patterns of settlement and spatial self-organi-
zation of the population. For comprehensive studies of 
the patterns of changes in the density of transport links 
in the passenger transport system, it is proposed to use 
an approach based on the GIS technologies application 
(Kapski et al, 2019), it allows to obtain tabulated func-
tions of indicators: 
Table 3 Results of statistical analysis of population distribution in 
settlements
Parameter name
Area of population's distribution study
0–50 km 0–35 km 35–50 km
Area of study area, km2 7850 3850 4000
Number of settlements 478 214 264
Mathematical expectation 
M[T] 0.528 0.553 0.500
Theoretical probability 
density f(t) 1.894e
– 1.894t 1.807e– 1.807t 2e– 2t
Parameters χ2/r 2.78/5 6.58/5 2.28/5
Probability of consistency 
by criterion χ2 0.734 0.253 0.808 
Fig. 8 Histogram and density of probability of population distribution 
by settlements (study area 35–50 km)
Fig. 7 Histogram and density of probability of population distribution 
by settlements (study area 0–35 km)
Fig. 6 Histogram and density of probability of population distribution 
by settlements (study area 0–50 km)
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• population density of the defined region;
• the carrying capacity of the itinerary network and its 
individual sections;
• transport mobility of the population etc.
To determine the resettlement patterns in the region 
around the gravity center (regional, district centers), a reg-
ular model for the population density function was con-
structed, depending on the distance to the gravity center 
hF(x,y). The construction of a regular model was carried 
out with the implementation of the construction steps 
described in Subsections 3.1. and 3.2. Simultaneously, for 
the selected region the survey was conducted:   
1. Determining the survey region. We restrict the sur-
vey region to a rectangular section adjacent to the 
regional center (Rivne). At this stage, we prepare the 
initial data on the spatial location (determining the 
coordinates xi and yi) of the point objects set (settle-
ments) and population hFi.
2. The construction of an irregular model is a graph 
model of transport links (settlements are vertices, 
transport paths are edges). The main parameters of 
the problem are the coordinates of settlements and 
the number of inhabitants. 
The first step in constructing the population density func-
tion is to determine the population density for the major set-
tlements in the region. Let us suppose that the population is 
concentrated in a settlement represented by a point object. 
To determine the mutual influence zones of settlements 
(polygons), the Voronoi diagram was constructed. The frag-
ment of the diagram for our task is given in Fig. 9.
Population density for the -th polygon is determined by 
Eq. (7):
h H FFi Fi i= / , (7)
where Fi is the area of the polygon to which the settlement 
belongs.
3. Building a regular model. For the transition from the 
irregular to the regular population density model, we 
perform the Delaunay triangulation and apply the 
inverse distance weighting method. A fragment of 
the Delaunay triangulation for the task of the study 
is shown in Fig. 10. We define the population den-
sity in the i-th settlement as the average value for 
the i-th polygon by Eq. (7). The population of set-
tlements forms an irregular network. The problem 
of constructing a regular network for the population 
density function is solved by the inverse distance 
weighting method. Population density function of 
the region by the inverse distance weighting method 
looks as in Eq. (8):
h x y h w h w h w w w wF F F F, /( ) = + +( ) + +( )1 1 2 2 3 3 1 2 3 , (8)
where hF1, hF2, hF3 are the population density (determined 
at the previous stage) at points (vertices) of the triangle to 
which the running point belongs; w1, w2, w3 are the weights 
determined by the ratio (Eq. (6)).
As a result of the implementation of the mentioned steps 
for constructing a regular model of the population den-
sity function, we obtained a tabulated population density 
Fig. 9 A fragment of the Voronoi diagram for studying the population 
density of a region
Fig. 10 A fragment of the Delaunay triangulation and construction of a 
regular population density function for the study region
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function for the considered Rivne region. A graphical rep-
resentation of the function is shown in Figs. 11 and 12. 
In the calculations, the settlements' characteristics were 
used according to the statistics of the census, the coordi-
nates of the points were determined by the processing of 
cartographic objects.
The use of the STATISTICA 6.0 statistical processing 
package allows to build a Voronoi diagram for multiple 
points based on the source data, which is the coordinates 
of the points.
The results are processed and visualized using an Excel 
spreadsheet and SURFER 6.0.
4.3 Model calibration to calculate demand for 
transport services when investigating the functioning of 
the suburban passenger transport system 
The determining factors in forming the size of the transport 
area of the route (de Dios Ortúzar and Willumsen, 2011; 
Khitrov et al., 2019) are the route length Lr and the popu-
lation density in the study area. At the stage of designing 
a new route network or investigating the functioning of an 
existing one, it is necessary to have information on the pat-
terns of population distribution across the territory. Studies 
of these patterns indicate a significant uneven population 
distribution, depending on the location of settlements rela-
tive to a certain center, it has the form shown in Fig. 13, and 
is described by the function as Eq. (9):
h x h b ef i
k
i i
x l wi i( ) = ⋅ ⋅ ⋅
=
− −( )∑0 5 1.
/ , (9)
where k is the number of settlements on the route; hi is the 
population density in the i-th settlement; bi is the coeffi-
cient taking into account the i-th section coverage of the 
route of communication; li is the remoteness of a settle-
ment from a certain center; wi is a calibration factor that 
determines the width of the impact of a settlement; x is the 
coordinate that determines population density.
The use of function (Eq. (9)) must satisfy the condition 




fh x dx N
min
max
∫ ( ) = , (10)
where N is the total number of inhabitants in the area cov-
ered by transport services; lmin is the minimum distance of 
the settlement from a regional or district center; lmax is the 
maximum distance of the settlement from the regional or 
district center, for suburban communication, lmax = 50 km.
In turn, N N
i
m
i= =∑ 1 , where m is the number of settle-
ments covered by transport services; Ni is the number of 
residents in the i-th settlement, located on the route.









h x dx C e C e∫ ( ) = ⋅ ( ) − ( )⋅ ( ) ⋅ ( )0 5 1 21 1 2 2. / /   
(11)
where:
Fig. 11 Graphic representation of the population density function for 
the Rivne region in the immediate vicinity of the regional center
Fig. 12 Graphic representation of the population density function for 
the Rivne region at a distance of 10–45 km from the regional center
Fig. 13 Graph of population density by territory depending on the 
location of settlements along the route relative to a certain center
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C h b w sign l l wi i i i i i max i1 = ⋅ ⋅ −( )( )∑ / / ,
C h b w sign l l wi i i i i i min i2 = ⋅ ⋅ −( )( )∑ / / ,
A l l w A l l wi i i i1 2= −( ) = −( )max min/ ; / .
The parameter wi is determined from the normalization 
condition (Eq. (12)):
w l l W Zi max i= −( ) ( )/ , (12)
where Z l l h b Ni max i i i= ⋅ −( ) ⋅ ⋅( )( )∑0 5. / ; W(Z) is the 
Lambert function, defined as the inverse function to 
f(W) = W · exp(W), for any Z: Z = W(Z) · exp(W(Z)). 
By differentiating the implicit function (de Dios 
Ortúzar and Willumsen, 2011; Yi et al., 2010), we obtain 
that at Z ≠ –(1/e):
dW dZ W Z Z W Z/ / (= ( ) ⋅ + ( )( )1 . (13)
Thus, the population density in the study area can be 
determined by building a regular model or described by 
a theoretical function (Eq. (9)).
4.4 Comparative analysis of results
The results of the population density calculations along the 
routes of suburban p routes for a particular region in differ-
ent directions by the Regular Resettlement Model (RRM) 
and Theoretical Resettlement Model (TRM) can be tab-
ulated. Moreover, the calibration coefficient that deter-
mines the width of the impact of the i-th settlement can 
be found as the ratio of the inhabitants number in this set-
tlement to the number of inhabitants of the average settle-
ment (in our case, 500 inhabitants).
Table 4 shows the comparative analysis results of reg-
ular and theoretical models of resettlement. The correla-
tion level is 0.959–0.976, which indicates a close connec-
tion between population density and distance from the 
gravity center. Testing the results by Fisher and Student's 
criteria showed that the probability of agreement of the 
results obtained by the regular and theoretical model of the 
resettlement described by function (Eq. (9)) is in the range 
0.21–0.47.  
Graphical dependencies constructed using an expo-
nential resettlement distribution (de Dios Ortúzar and 
Willumsen, 2011), with parameters b = 1/lav, where lav is 
the average passenger travel distance in the chosen direc-
tion of communication, and t = l is the complexity of the 
center connection, expressed in units of the distance of 
the connection, and the theoretical resettlement model 
(Eq. (9)) are shown in Figs. 14 to 17. 
Graphical dependencies analysis (see Figs. 14 to 17) 
allows us to conclude that the use of a theoretical settle-
ment model provides greater accuracy in modeling passen-
ger flows and the potential of transport services in suburban 
traffic, which is associated with a very significant uneven 
distribution of the population along the suburban traffic 
route. However, determining the calibration coefficients 
of the mutual influence of settlements as a function of the 
theoretical model of resettlement in each case for different 
regions requires a study of resettlement in the territory. 
With a clear identification of the gravity center, as an 
administrative-territorial unit, which is decisive in the 
passenger flows generation from the surrounding territo-
ries and settlements, which are very different in size, area, 
size of the zone of mutual influence; construction of a reg-
ular resettlement model allows to assess the potential of 
transport services at designated area. The use of computa-
tional geometry methods makes it possible to more closely 
match the demand for transport services with the offer of 
such services. In turn, it is possible to achieve efficient use 
of vehicles, transport infrastructure, taking into account 
the real needs of the population of a certain region.
Table 4 Results of the comparative analysis of the Regular Resettlement Model (RRM) and the Theoretical Resettlement Model (TRM)
Statistical parameter
East direction North direction South direction West direction
RRM TRM RRM TRM RRM TRM RRM TRM
Average value 90.36 90.46 83.00 84.42 65.50 65.32 82.37 81.15
Dispersion 1548 1422 1803 1698 1380 1413 4247 3666
The correlation level 0.976 0.959 0.976 0.968
Average approximation error, % 7.82 8.97 8.90 9.85
F- Fisher's criterion, (Fcrit = 1.641) 1.088 1.061 0.977 1.158
Probability of agreement, р 0.39 0.42 0.47 0.31
Student's t-test, (tcrit = 1.679) -0.082 -0.797 0.146 0.495
Probability of agreement, р 0.47 0.21 0.44 0.31
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Fig. 14 Graphical dependences of population density on Rivne region routes by theoretical and exponential resettlement distribution according to 
Eastern directions of routes 
Fig. 15 Graphical dependences of population density on Rivne region routes by theoretical and exponential resettlement distribution according to 
Southern directions of routes   
Fig. 16 Graphical dependences of population density on Rivne region routes by theoretical and exponential resettlement distribution according to 
Northern directions of routes 
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5 Conclusions
Population transit from origin to destination can be divided 
into foot traffic (from origin to transport and from trans-
port to destination) and transportation. The volumes and 
directions of passengers flows depend both on the needs 
of resident's location and trip's characteristics. Moreover, 
the amounts of pedestrian flows are irregular during the 
day. For rural and suburban areas, it depends on the public 
transport schedule.  
Known methods (Abdel-Aal, 2014; Cordera et al., 2018; 
Vakulenko et al., 2019) of establishing the transport ser-
vices' potential and forming passenger trips matrices are 
based on the use of gravity models, and have been devel-
oped, mainly for the study of interaction between transport 
areas of cities. However, for the trips generation in the sub-
urban traffic, with the interaction of many settlements with 
different population densities and remoteness from the city 
center, the use of gravity models is difficult. Unlike the 
existing methods presented in (Cremer and Keller, 1987; 
de Dios Ortúzar and Willumsen, 2011; Kujala et al., 2018; 
Thériault and Des Rosiers, 2013) of establishing the reset-
tlement patterns, the proposed method is easier to use in 
practice and it gives fairly accurate results.
The population chooses the gravity center, taking into 
account the constraints imposed by the transportation sys-
tem and based on subjective considerations of the service 
quality. The distribution of rural and suburban residents' 
displacement into cities is influenced by the size of the 
city, the range of displacement, the purpose of displace-
ment. The distribution of transport links determines the 
scattering field of the starting and ending points of dis-
placements. Since the density of their dispersion in rela-
tion to the settlements is the same, on their set we distin-
guish the territorial units that make up the service areas. 
The study of the patterns of settlement indicates a sig-
nificant uneven distribution of population across the 
region, so it is advisable to divide the territory into more 
homogeneously functional areas. An approach based on 
the application of GIS-technologies was used to establish 
the resettlement patterns of suburban area residents and to 
obtain a tabulated population density function of a partic-
ular region.
The type of theoretical function of population density 
and the calibration coefficients determined by the ratio of 
the number of inhabitants in the settlement and the num-
ber of inhabitants of the average settlement equal to 500 
inhabitants are established. The theoretical function has 
made it possible to more accurately determine the poten-
tial of suburban transport services compared to the known 
models (de Dios Ortúzar and Willumsen, 2011), which is 
due to the significant unevenness of population density 
along routes. Satisfactory results were obtained in the pro-
cess of modeling passenger traffic on the route network of 
suburban passenger traffic of Rivne region, which made 
it possible to adapt the transport services' offer to the real 
needs of the population. 
Fig. 17 Graphical dependences of population density on Rivne region routes by theoretical and exponential resettlement distribution according to 
Western directions of routes   
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